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ABSTRACT
Context. The best example of a massive star with an ionized outflow launched from its photoevaporating disk is MWC349A. The large
amount of reported radio-continuum and radio-recombination line observations toward this galactic UC-HII region offers a unique
possibility to build a model of the ionized envelope of this source.
Aims. To understand the physical conditions and kinematics of the ionized region of the circumstellar disk and also of the outflow of
MWC349A.
Methods. We compared the bulk of radio-continuum maps, radio-recombination line profiles, and the H30α centroid map published
to date with the predictions of our non-LTE 3D radiative transfer model, MORELI (MOdel for REcombination LInes), which we
describe here in detail.
Results. Our non-LTE 3D radiative transfer model provides new evidence that the UC-HII region of MWC349A is composed of an
ionized circumstellar disk rotating in Keplerian fashion around a star of 38 M, and an ionized outflow expanding with a terminal
velocity of 60 km s−1 and rotating in the same sense as the disk. The model shows that while maser amplification is the dominant
process involved for Hnα radio-recombination line (RRL) emission with quantum numbers n < 41, stimulated emission is relevant
for the emission of RRLs with n > 41 up at least the H76α line.
Conclusions. For the first time, we present a model of MWC349A which satisfactorily explains the vast amount of reported observa-
tional data for a very wide range of frequencies and angular resolutions.
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1. Introduction
Although massive stars (with masses higher than about 8 M)
play a key role in the evolution of the Universe, their late
stages of evolution as well as the mechanisms that lead to
their formation and early evolution are still poorly known
(Zinnecker & Yorke 2007). Massive stars ionize their surround-
ings at the early stages of their evolution and also at some
evolved stages (such as supergiant B[e] stars) forming Ultra-
Compact HII regions (UC-HII). Statistical analysis of the num-
ber of UC-HII regions has shown that these objects seem to be
confined for longer times than those derived from their crossing
times, if it is assumed that they constantly expand at the speed
of sound (Churchwell et al. 1990). This raises the question of
why high-pressure HII regions do not quickly expand into their
surrounding environments of lower pressure.
Hollenbach et al. (1994) proposed that the long lifetime of
UC-HII regions can be explained if they are formed by photo-
evaporation of the neutral material from the rotating accretion
disk left after star formation. This hypothesis would be consis-
tent with two observational results: i) the substantial fraction
of UC HII regions (∼30%) characterized by broad hydrogen-
radio recombination lines (with linewidths of 70 − 200 km
s−1), which are interpreted as arising from low velocity ionized
outflows associated to neutral disks (Jaffe & Martı´n-Pintado,
1999); and ii) the high spatial resolution observations of mas-
sive protostars, which have shown that massive star forma-
tion seems to proceed, at least in some cases, through accre-
tion of material from a circumstellar disk (Nielbock et al. 2007,
Jime´nez-Serra et al. 2009, Kraus et al. 2010, Davies et al. 2010,
Preibisch et al. 2011). Evidence of circumstellar disks have also
been found toward evolved massive stars such as supergiant B[e]
stars (Miroshnichenko et al. 2005). However, the kinematics of
circumstellar disks and ionized envelopes around pre- and post-
main sequence massive stars are still poorly understood.
Since its discovery, the UC-HII region of MWC349A has
turned out to be a key object for the study of the physical and
kinematical properties of these regions thanks to its peculiar
characteristics. The star MWC349A is the most intense radio-
continuum source at centimeter wavelengths (Braes et al. 1972)
and also one of the most intense sources in the NIR and
mid-IR (Tafoya et al. 2004). The position of this source in
the HR diagram clearly corresponds to a massive star (Kraus
2009). According to its spectral features, it is classified as a
B[e] star, which are characterized by their forbidden emis-
sion lines ([Fe II] and [O I]) in the optical spectrum and
its NIR excesses (Lamers et al. 1998). Nevertheless, its evo-
lutionary stage, as often happens with B[e] stars, is under
dispute because of the difficulty caused by the overlap of
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the pre- and post-main sequence B[e] evolutionary tracks in
terms of effective temperature and luminosity (Marston &
McCollum 2008) and the lack of optical absorption lines
(Hamann & Simon 1988, Andrillat et al. 1996). However, it is
one of the few massive stars with a well-established cir-
cumstellar disk (White & Becker 1985 and Danchi et al. 2001)
and an ionized outflow expanding at nearly constant velocity
(Olnon 1975, Tafoya et al. 2004).
The most peculiar characteristic of MWC349A that allows
us to study in detail the kinematics of its ionized regions is
that, until the detection toward η Carinae (Cox et al. 1995),
Cepheus A HW2 (Jime´nez-Serra et al. 2011) and MonR2-IRS2
(Jime´nez-Serra et al. 2013), it was the only known celestial
source with hydrogen radio-recombination line (RRL) masers
at millimeter wavelengths (Martı´n-Pintado et al. 1989a). The
strong maser amplification of mm and submm RRLs and the
strong radio-continuum emission of MWC349A offer a unique
possibility to obtain spectra and images with a high spectral
and spatial resolution, down to 5 mas (Planesas et al. 1992,
Martı´n-Pintado et al. 2011). The comparison of the H30α radio-
recombination maser line profile, the H30α centroid map and the
free-free radio-continuum emission with the predictions from a
non-local thermodynamic equilibrium (non-LTE) 3D radiative
transfer MOdel for REcombination LInes (hereafter MORELI),
has provided stringent constraints on the disk and outflow kine-
matics of MWC349A as well as its electron temperature and
electron density distribution (Martı´n-Pintado et al. 2011). The
observations were explained by assuming two kinematical com-
ponents, a thin virtually edge-on Keplerian ionized disk around a
massive star (∼ 30-60 M), responsible for the maser spikes ob-
served in the H30α, and a rotating and expanding ionized wind
with a terminal velocity of about 70 km s−1. It also led to the re-
markable conclusion that the outflow seems to be launched from
the Keplerian disk at a radius of ≤20 AU from the star. Magnetic
wind models (both X-wind models, Shu et al. 1994, and disk
wind models, Blandford & Payne 1982) seem to be the most
suitable to explain the region where the wind emerges and ac-
celerates up to its terminal velocity. These results are extremely
important since they provide clues on the origin of ionized winds
from massive stars with circumstellar disks at very small spatial
scales.
This paper gathers all the centimeter, millimeter, submillime-
ter, and far-infrared observations of the continuum and RRLs to-
ward MWC349A to establish, for the first time, a model that re-
produces the bulk of the observed features found over this wide
frequency range. We carried out a thorough analysis of all the
data by using a 3D non-LTE radiative transfer model to constrain
the structure, physical conditions, and the kinematics. In Sect. 2,
we discuss the basic physics incorporated in the MORELI ra-
diative transfer model required for the interpretation of both the
continuum and RRL emission. In particular, we describe the line
formation under non-LTE conditions and the effects of satura-
tion of masers. In Sect. 3, we describe the different geometries,
physical and kinematical structure included in MORELI. Then,
in Sect. 4, we report the first model for MWC349A that consis-
tently explain most of the observational data available to date.
Also, in Sect. 4, we show how the main parameters of the ion-
ized gas were constrained by comparing the observations with
the predictions of MORELI. While in Sect. 4 we focus on the
H30α centroid map and its line profile, as well as the integrated-
line intensities of RRLs from cm to the mid-IR wavelengths, in
Sect. 5 we show the fit of our predictions for the rest of RRLs
observed so far. Finally, conclusions are drawn in Sect. 6.
2. Non-LTE radiative transfer model
2.1. Radiative transfer integration
The resulting spectrum for every line-of-sight is obtained by dis-
cretizing the sources in regular 3-D grid cells with sizes of dx,
dy, and dz, where the z axis refers to the axis along the line-
of-sight (with the observer toward negative z values), x the rev-
olution symmetry axis projected into the plane of the sky, and
y the axis orthogonal to the x−z plane. Thus, this discretization
observed in the plane of the sky, (x, y), is equivalent to a mesh
of points. We solve the radiative transfer equation for every cell
along the line-of-sight by assuming constant properties in the
whole cell volume
dIν
dτν
= −Iν + S ν, (1)
where Iν is the specific radiation intensity at the frequency ν,
S ν is the source function, and τν is the optical depth (defined as
dτν = κνdl, with κν the absorption coefficient of the cell with
physical length l).
We consider, as an approximation, that the electron density
of the source is large enough to assume that the diffuse radia-
tion is locally absorbed leading to a subsequent photoionization,
the so-called on-the-spot approximation (Osterbrock 1989). The
outgoing radiation of cell i for a given frequency, ν, is then given
by
Iν,i = Iν,i−1e−τν,i + Bν(Te)(1 − e−τν,i ), (2)
where Iν,i−1 is the background emission (which is given by the
cosmic microwave background radiation at the rear side of the
source where i = 1), Bν(Te) the source function (given by
Planck’s law for a black body with electron temperature Te), and
τν,i the optical depth from the cell i.
2.1.1. Continuum emission
The optical depth for the free-free continuum radiation is calcu-
lated by using the absorption coefficient
κν,c =
4
√
2pi
3
√
3
1
c (mekTe)3/2
(
e2
4pi0
)3 NeNi
ν2
(
gff,ν + gbf,ν
)
(3)
≈ 1.77 × 10−12 NeNi
(
gff,ν + gbf,ν
)
ν2T 3/2e
[SI units] if hν  kTe,
where me and e are the electron mass and charge, h and k the
Boltzmann and Planck constants, c the speed of light, 0 the vac-
uum permittivity, Ne and Ni the electron and ionic densities and
gff,ν and gbf,ν the Gaunt factors for free-free and bound-free tran-
sitions, respectively (see Appendix A).
2.1.2. LTE RRL emission
In the formation of RRLs, one has to simultaneously con-
sider the contribution of both the continuum and line emis-
sion. According to the quantum theory of the radiation, spon-
taneous emission, stimulated emission, and absorption are the
three basic processes through which photons and atoms interact
(Einstein 1916). The probability per unit time for an electron to
spontaneously decay from the upper level m to the lower level
n is given by the Einstein coefficient of spontaneous emission,
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Amn (Towle et al. 1999). On the other hand, we use the spec-
tral energy density, uν, to define the Einstein B-coefficients. The
transition probability per unit time for absorption and stimulated
emission are Pa = uνBnm and Pst = uνBmn, respectively, where
uν is related to Iν
uν =
1
c
∫
Iν dΩ, (4)
and where Ω is the solid angle.
Using the Einstein coefficients described previously and
treating the stimulated emission as a negative absorption, the line
absorption coefficient depends on the electron population of the
involved levels, Nm and Nn, according to the expression
κν,l =
hν
c
(
1 − gn
gm
Nm
Nn
)
NnBnmΦν, (5)
where Bnm is the Einstein coefficient for absorption, gn and gm
are the statistical weights of the electronic levels n and m respec-
tively (with gk = 2k2 for k = n,m), and Φν the line profile (see
Appendix B).
The values of Nm and Nn are determined by solving the
equation system of statistical equilibrium considering all the
processes involved in the excitation of electronic levels. Under
LTE conditions, collisions dominate over the radiative processes
and the electronic levels are populated according to the Saha-
Boltzmann distribution. In this case, Eq. 5 yields:
κν,l =
hν
c
(
1 − e− hνkTe
)
NeNi
gn
2
(
h2
2pimekTe
)3/2
exp
(
hν0
kTe
)
BnmΦν
≈ 7 × 10−70
(
1 − e− hνkTe
)
NeNin2e
hν0
kTe νBnmΦν [SI units], (6)
where Bnm is estimated according to the Dirac theory described
by Towle et al. (1999).
2.1.3. Non-LTE RRL emission
The absorption coefficient discussed in the previous section must
be modified for the case of non-LTE since the electron popula-
tion departs from that given by the Saha-Boltzmann distribution
as a result of radiative transitions dominating over collisional
transitions. To account for this one introduces for each electronic
level, n, a correction factor known as the departure coefficient,
bn, that relates the electron population in the non-LTE case, Nn,
with the LTE case, N∗n ,
Nn = bnN∗n . (7)
These departure coefficients depend on both collisional
and radiative processes. They have been computed indepen-
dently by several authors taking into consideration different
ranges of electron density and electron temperature. To date,
the two most extensive bn coefficient tables are those reported
by Storey & Hummer (1995) and Walmsley (1990). In Fig. 1
we show their values for an ionized gas of 10000 K for dif-
ferent electron density ranges. The MORELI code incorporates
the parametrization of the bn values obtained in both studies for
the case of an optically thin HII-region for all RRLs except for
the Lyman lines. We remark that this procedure will give us
approximate results since the departure coefficients would ac-
tually depend on the radiation field for our particular assumed
geometry and physical structure, which will differ from those
Fig. 1: Estimated departure coefficients, bn, for Hnα lines, an
electron temperature of 10000K, and different electron densities
by Walmsley (1990) and Storey & Hummer (1995).
assumed in the models used in Storey & Hummer (1995) and
Walmsley (1990).
As described by Dupree & Goldberg (1970), the RRL ab-
sorption coefficient can be then expressed as κν,l = κ∗ν,lbnβmn in
the non-LTE case, where βmn is defined
βmn =
1 − bmbn e−
hν
kTe
1 − e− hνkTe
. (8)
For certain combinations of n, Te, and Ne found in some UC-
HII regions (i.e. in MWC349A and Cep A HW2), the level popu-
lations can be inverted and, subsequently, the second term of the
latter equation can be larger than unity. It implies that βmn < 0
and, therefore, the incident radiation is amplified. We can see in
Fig. 2 that this is the case for an ionized gas with electron den-
sity of 107 cm−3 and electron temperature of 10000 K as found
in MWC349A.
Using the above mentioned departure coefficients, it is
possible to derive the non-LTE source function. And from
the latter, by integrating the radiative transfer equation, one
obtains the brightness temperature at the center of the line
(Dupree & Goldberg 1970)
TB = Tbge−(τν,l+τν,c)+Te
(
τν,l
βmn
+ τν,c
)
1
τν,l + τν,c
(
1 − e−(τν,l+τν,c)
)
,(9)
where Tbg is the background temperature respectively. This
equation reduces to Eq. 2 for the LTE case (bn = 1).
2.2. Stimulated and maser emission
Soon after the discovery of RRLs, it was noticed that for the
typical physical conditions found in ionized regions, the RRLs
should be emitted under non-LTE conditions (Goldberg 1966),
mainly stimulated emission. This type of emission is due to the
amplification of the background continuum and line emission
when the optical depth is negative but larger than −1, that is,
−1 < τν,c + τν,l < 0. Nevertheless, if the pumping mechanisms
producing the inversion of population in the ionized gas are in-
tense enough, the amplification of the radiation can become very
intense, τν,c + τν,l  −1. This is referred to as maser amplifica-
tion. In this case, the line intensity (Eq. 9) would have an approx-
imately exponential dependence on optical depth and, therefore,
on physical conditions (electron density and electron tempera-
ture)
|TB(τν,c + τν,l)| ∝ e|τν,c+τν,l |. (10)
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Fig. 2: Estimated βmn coefficients, bn for an ionized gas with
electron density of 107 cm−3, and electron temperature of
10000 K. The solid red line shows the βmn values derived by
Walmsley (1990) for Hnα transitions, while the solid and dashed
blue lines show the values derived by Storey & Hummer (1995)
for Hnα and Hnβ transitions, respectively. The observed zig-zag
for the βmn Storey & Hummer (1995) coefficients for n > is due
to the numerical error in deriving them from Eq. 8. This error
increases for increasing n since the relative difference between
the bm and bn decreases as observed in Fig. 1.
Nevertheless, the exponential growth of the intensity along
a line of sight with the required physical conditions for maser
amplification cannot continue indefinitely. This is because the
efficiency for stimulated emission reaches an upper limit when
each pump event results in the release of a maser photon
(Strelnitski et al. 1996b). In this case the intensity increases lin-
early with the optical depth and it is referred to as a saturated
maser.
2.3. Saturation effects
The full treatment of saturation effects should take into account
the changes in the electron populations (the bn coefficients) in-
duced by the maser radiation from all directions. This full treat-
ment is clearly out of the scope of this paper. As a first approx-
imation, we can estimate the saturation effects by considering
only the changes in bn coefficients caused by the incident radi-
ation in the line-of-sight. From the resolution of the equations
of statistical equilibrium under a particular set of approxima-
tions, we obtain the absorption coefficient for the saturated case
(Strelnitski et al. 1996b)
κν,l,sat =
κν,l
1 + Jν/Jν,sat
, (11)
where κν is the absorption coefficient for the unsaturated regime
(Jν  Jν,sat), Jν is the intensity averaged over the whole solid
angle (Jν = 14pi
∫
Iν dΩ), and Jsat is the saturation intensity, which
is defined as
Jν,sat =
2hν30
c2
Ct +Cmn
Amn
, (12)
with Ct the collisional coefficient from the maser levels to other
levels and Cmn the collisional coefficient between the two in-
volved maser levels. The sum Ct + Cmn is derived from Table
B.1 (Ct +Cmn = ∆νl/ (2pi)).
For strong maser emission (Jν  Jν,sat), the absorption coef-
ficient given in Eq. 11 becomes κν,sat ≈ κνJν,sat/Jν. Substituting
this into the radiative transfer Eq. 1 results in an equation whose
integration gives a linear dependence of the outgoing intensity
with the optical depth
TB =
(
Te
(
τν,l, sat
βmn
+ τν,c
)
1
τν,l,sat + τν,c
− Tsat
)
(τν,l, sat + τν,c), (13)
where τν,l, sat is the line optical depth taking into account the sat-
uration effects (see Eq. 11) and Tsat the saturation temperature.
To estimate the saturation effects, we uses MORELI to com-
pute the saturation degree, Jν,sat/Jν, assuming a solid angle for
the maser beam, Ωm.
3. Physical structure and kinematic considerations
for the source model
3.1. Geometry
The MORELI code offers the possibility to consider different
source geometries for the wind, such as a sphere, a cylinder
(specified by its radius and length), a double-cone (specified by
the semi-opening angle, θw, and length) or a hyperboloid (spec-
ified by its minimum width, semi-opening angle and length). In
all cases MORELI incorporates the possibility that the strong ra-
diative pressure coming from the central star has swept up all the
ionized gas in the region within a radius rmin. For all the differ-
ent geometries except for the sphere, one also needs to specify
the inclination angle, θi, of the revolution axis with respect to the
plane of the sky.
Although physically an unbounded ionized wind could be
extended virtually to infinity, with no well definite boundaries,
our model limits the size to a maximum radius, rmax, for all
the geometries. This radius is one of the critical parameters in
our model to adequately sample most of the flux in the RRLs
tracing the outer regions of the ionized outflow. The MORELI
code allows this radius to be introduced by the user or to be
estimated from the effective radius, Reff , defined to contain a
specific percentage of the free-free radio-emission produced for
an isothermal spherical ionized wind isotropically expanding
at constant velocity with electron density distribution given by
Ne (r) = Ne (r = 1) r−2 (see Sect. 3.4). Since we do not consider
only this particular wind structure for the UC-HII regions, we
essentially trace all the emission by considering that the source
has a size nR times that of the effective radius, that is
rmax = nR · Reff . (14)
For a partially optically thick wind, the derived effective
radius containing half of the free-free radio-continuum flux is
given (Panagia & Felli 1975)
Reff, ν ≈ 4.79 × 1020 ν−0.7T−0.45e M˙2/3µ−2/3v−2/30 [SI units], (15)
where µ is the main atomic weight per electron and M˙ the mass
loss rate in units of M/year. Instead, for an optically thick wind,
the effective radius containing the percentage p of the free-free
radio-continuum flux results (see Appendix C)
Reff =
pi
4 (1 − p) rmin. (16)
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While the cylinder geometry is adequate to model
sources with very collimated radio-jets (i.e. CRL618;
Martı´n-Pintado et al. 1988), the double-cone and the hy-
perboloid geometries are adequate to model sources with wide
ionized bipolar outflows.
3.2. Modelling of the kinematics
3.2.1. Disk kinematics
For the particularly interesting case of a source with a neutral
disk and an expanding ionized outflow represented by a double-
cone geometry, the model allows us to consider a kinematic com-
ponent consisting in an ionized Keplerian rotating layer located
next to the neutral disk. The ionized layer will be specified by
its opening angle relative to the conical surface of the double-
cone, θd (see Fig. 3), and the radius up to which the Keplerian
rotation extends, rd. Hereafter, we will refer to this layer as the
ionized Keplerian rotating disk. The velocity rotation component
is added to the expansion, being its projection along the line-of-
sight (see Appendix D.1) given by
vz = VKepler
y · cos(θi)(
y2 + z2d
)3/4 (17)
zd ≡ cos(θi)z − sin(θi)x,
where VKepler is the Keplerian velocity at a radius equal to unity
(VKepler =
√
GM), M the central mass of the star, and G the
universal gravitational constant.
3.2.2. Outflow kinematics
The model also considers different possibilities for the kinemat-
ics of the ionized gas depending on the geometry and on the
features of the source to model. For all geometries it is possi-
ble to consider the kinematics given by the Hollenbach model
(Hollenbach et al. 1994). It is included in a simplified way con-
sidering two discontinuous kinematic components, a Keplerian
rotating disk confined in its gravitationally bounded ionized at-
mosphere, and a rotating and expanding wind at the terminal
velocity, v0, outside. The radius at which the discontinuity oc-
curs (known as gravitational radius, Rg) is defined as the dis-
tance at which the most likely thermal velocity equals the or-
bital velocity of the Keplerian disk due to the star’s gravitational
potential. Subsequently, this radius is given by the expression
(Hollenbach et al. 1994)
Rg =
GMme
kTe
. (18)
The required value for Rg to explain the observations can be
also considered as a free input parameter in the model. The pro-
cedure applied is an approximation since there is not a specific
radius from which the ionized gas can escape, but a continuous
range of radii where the different individual ions with different
velocities reach the escape velocity.
Another possibility incorporated in MORELI is to consider a
constant acceleration for the wind, reaching its terminal velocity
at a radius ra. This is the case of the modelling of Cep A HW2
(Jime´nez-Serra et al. 2011).
The projected velocity along the line-of-sight for those radii
where the wind has reached its terminal velocity (r > ra) or for
Fig. 3: Sketch of the double-cone geometry used for the mod-
elling of MWC349A. The ionized gas is contained in a double
cone with its revolution axis perpendicular to the plane of the
neutral disk. Each cone has a semi-opening angle of θa and is
made up of two ionized regions with different kinematics: i) a ro-
tating and expanding ionized wind contained within the double-
cone with semi-opening angle θa − θd; and ii) a Keplerian rotat-
ing ionized layer comprised between the ionized wind and the
neutral disk with an opening angle relative to the conical sur-
face of the double cone of θd. The observer is located toward the
negative z-axis. The derived inclination angle θi is such that the
source is tipped up in front.
the case when it is assumed that the wind reaches the terminal
velocity suddenly at ra = 0 is given by
vz = v0
z
r
. (19)
While for those radii where the wind is still being accelerated
(r < ra) the expression results (see Appendix D.2)
vz = v0
z
ra
. (20)
Finally, we note that in addition to the expansion, we can also
consider another kinematic component for the ionized outflow:
its rotation following a Keplerian law similar to that of the disk.
3.3. Electron temperature and electron density distribution
The MORELI code provides the possibility of considering elec-
tron temperature, To, and electron density, Ne, gradients speci-
fied by power-law with indices, bt and bd respectively. The val-
ues of To and Ne are specified in the model at a particular radius.
Moreover, for the case of the double-cone geometry, we also in-
corporate a possible dependence of the electron density on the
angle with respect to the revolution axis of the cone, θ (see Fig.
3), since physically we expect the higher density close to the
neutral disk if it is photoevaporating. Thus, the electron density
distribution assumed in the model is given by
Ne (r, θ) = Ne (r = 1, θ = θa)
e−(θa−θ)/θ0
rbd
, (21)
where θa ≡ θw + θd is the semi-opening angle of the whole ion-
ized gas, θa − θ is the angle between an ionized gas cell and the
conical surface of the neutral disk (see Fig. 3) and θ0 is a free di-
mensionless input parameter used to model the angular electron
5
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density dependence (θ0 = ∞ if one assumes there is no depen-
dence of Ne on the angle).
Although Eq. 21 refers to both the ionized outflow and ion-
ized circumstellar disk located next to the neutral disk, the model
also considers the possibility that this disk has a different elec-
tron density, Ne,d, and/or electron temperature, Td, than the ion-
ized wind to account for the possible difference in cooling due
to its higher electron density.
The geometry of the source, and the electron density and
electron temperature distributions are constrained by fitting the
radio-continuum images and the observed spectral energy distri-
bution (SED).
4. The case of MWC349A
In the following sections we describe in detail how the different
observations have been used to constrain the values of the in-
put parameters of the model for the ionized gas in MWC349A.
Table 1 shows the parameters that fit best the overall data
set available to date at the radio and millimeter wavelengths.
The results presented in this paper have been derived by as-
suming a double-cone geometry with two kinematical compo-
nents (ionized outflow and ionized circumstellar disk) and with
sudden acceleration of the ionized wind. Since the outflow is
partially optically thick, we have assumed the effective radius
derived by Panagia & Felli 1975 (see Sect. 3.1). Although the
distance for MWC349A is under debate (Meyer et al. 2002),
we have considered the typically assumed distance of 1.2 kpc
(Cohen et al. 1985).
The best fit was obtained by using the bn coefficients reported
by Storey & Hummer 1995 (see Sect. 4.2).
4.1. Constraining the physical structure and geometry of
MWC349A on the basis of the SED and radio-continuum
images
The radio-continuum maps obtained with the best angular res-
olution (at 7 mm, see Fig. 4) clearly show a bipolar morphol-
ogy; there is a prominent dark lane in the East-West direc-
tion with a position angle of 8◦ (measured counterclockwise
from East). The lack of free-free emission is interpreted as be-
ing caused by a neutral circumstellar disk. This interpretation
is also supported by the dust emission from the disk in the
near-infrared (Danchi et al. 2001) and its polarization perpen-
dicular to the disk (Aitken et al. 1990, Yudin 1996). The radio-
continuum emission shows an ionized bipolar structure arising
above and below the neutral disk. The geometry of the ionized
outflow has been modelled by considering a double-cone. The
radio-continuum images are used to constrain the semi-opening
angle of the double cone, θa (Fig. 3), to ∼ 57◦. This opening an-
gle is consistent with that found with a semi-analytical model of
ionized winds around sgB[e] stars (Kraus & Lamers 2003). The
radio-continuum maps also show that for a given radius, the in-
tensity is larger close to the neutral disk. In the isothermal case,
this fact indicates that the electron density decreases from the
edge of the ionized disk toward the revolution axis (0 < θ0 < ∞).
Next we have constrained the physical structure of
MWC349A by considering the whole set of continuum mea-
surements available to date for the spectral range covering from
radio-frequencies to the mid-IR range, where there is a clear ex-
cess of emission with respect to that expected from the free-
free emission of the wind (ν ∼ 6000-10000 GHz as shown in
Fig. 5). For simplicity we have assumed an isothermal wind ex-
Fig. 4: Modelled (left) and observed (right panel, by
Tafoya et al. 2004) radio-continuum maps for 1.3 cm (top)
and 7 mm (bottom). Contours are -5, -4, 4, 5, 6, 8, 10, 12, 14,
16, 20, 25, 30, 35, 40, 50, 60, 70, 80, 90, 100, and 110 times the
rms of the observational VLA image (727 and 859 µJy beam−1
for the 1.3 cm and 7 mm images, respectively). The modelled
maps were obtained by the convolution of the original data with
a box of the same size as the HPBW of the observations) and
rotating the image by 8◦ anticlockwise.
panding at nearly constant velocity in order to explain its radio-
continuum spectral index of 0.62 (Fig. 5).
The best fits to the radio-continuum images and SED (see
Figs. 4 and 5, respectively) were obtained by considering the val-
ues of nR, bd, Te, Ne (r = 1, θ = θa), and θ0 shown in Table 1. The
value derived for θ0 is consistent with that obtained by White &
Becker (1985). Based on the SED, which is rising until at least
5.8 THz (Fig. 5), we derive an inner radius of the ionized wind of
rmin = 3 AU or smaller, since larger rmin would imply optically
thin free-free emission at ν < 5.8 THz. We note that the quality
of the fit is not very sensitive to the consideration of a thin layer
of ionized material located next to the neutral disk with different
electron temperature, Td (e.g. 9450 K obtained by the fit of the
RRL profiles). Although the set of input parameters that best fit
the SED is not unique, the fit to the radio-continuum maps breaks
this degeneracy. Figure 4 shows that our radio-continuum pre-
dictions are in very good agreement with the maps reported by
Tafoya et al. (2004). We also note that the constraints on the pa-
rameters that are affected by some uncertainties were improved
by using the RRL observations as described below.
4.2. Constraining the orientation, kinematics, and physical
structure of MWC349A on the basis of the H30α
centroid map and profile
Martı´n-Pintado et al. (2011) explained the H30α RRL emission
obtained with the Plateau de Bure Interferometer by consider-
ing a model with two kinematic components made up of an
expanding outflow and an ionized Keplerian rotating disk (as
represented in Fig. 3). Besides the explanation of the velocity
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Table 1: Final input parameters for the best fit to the continuum and RRL data of MWC349A.
Input parameter Value Constrained from
Central mass, M 38Msun RRL profiles star
Density distribution, Ne(r, θ) 1.6 ×109r−2.14 exp [(θa − θ) /20] cm−3 a radio-continuum  disk & windInner radius, rmin 0.05 AU b radio-continuumDouble-cone’s semi-opening, θa 57◦ radio-continuum
Inclination angle, θi 8◦ (tipped up) H30α centroid map
diskOpening angle of the ionized disk, θd 6.5
◦ RRL profiles
Ionized disk’s outer radius, rd 130 AU radio-continuum
Ionized disk electron temperature, Td 9450 K RRL profiles
Ionized outflow’s outer radius, nR 1.5Reff,ν RRL profiles
windOutflow electron temperature, To 12000 K radio-continuum
Outflow terminal velocity, v0 60 km s−1 H30α centroid map and RRL profiles
Outflow turbulent velocity, vtu 15 km s−1 H30α centroid map and RRL profiles
a Where r is in units of 10 AU and (θa − θ) in radians.
b We assume rmin = 0.05 AU even when we can only constrain that the stellar wind reaches radii as inner as 3 AU (Sect. 4).
Fig. 5: Observed (vertical bars) and modelled (dashed lines)
SEDs for MWC349A. The black and red dashed lines represent
the predictions for ionized stellar winds extending down to
rmin = 3 and 0.05 AU, respectively. The red solid line shows
the linear fit to the observational intensities (with ν < 5.77
THz), yielding a spectral index of 0.62. Observational data
were obtained from Allen (1973), Altenhoff et al. (1994),
Beichman (1988), Harvey et al. (1979), Lee (1970), Martı´n-
Pintado et al. (1989a), Martı´n-Pintado et al. (1994),
Planesas et al. (1992), Sandell et al. (2011), Schwartz (1980),
Simon & Dyck (1977), and Tafoya et al. (2004). All the ob-
servational data available so far was concisely compiled by
Lugo et al. (2004).
peak separation of the maser spikes, the biggest achievement
of the quoted model was to explain the behaviour of the H30α
RRL centroid map. Its interpretation is not straightforward since
βmn < 0 holds for a wide range of electron density and electron
temperature values (Strelnitski et al. 1996b) and, therefore, the
stimulated amplification is not produced in a small region with
very specific physical conditions, but in an extended region (see
bottom panels of Fig. 7). Thus, in the case of RRL maser emis-
sion, the centroid map must be interpreted as the averaged posi-
tion where the emission for every radial velocity is produced.
Martı´n-Pintado et al. (2011) have shown that the centroid
map of the H30α (see Fig. 6) for radial velocities comprised be-
tween the two maser spikes (at -16 km s−1 and 32 km s−1, respec-
tively) is well fitted to a straight line. This behaviour suggests
that the emission between these radial velocities mainly arises
from the Keplerian ionized layer. This is also supported by the
spatial distribution of the emission predicted by our model (see
Fig. 7).
The physical reason for the emission from the maser spikes
to originate mainly in the ionized Keplerian disk is because the
electron densities in this region are close to that optimum for
maser amplification of the H30α RRL. For example, an electron
density of 4.0×107 cm−3 (the optimum density for an electron
temperature of 104 K; Strelnitski et al. 1996b) is reached at the
border between the ionized and the neutral disk at a radius ∼50
AU according to the results of our model.
On the other hand, the emission at larger radial velocities
mainly arises from a region farther away from the star and lo-
cated outside of the ionized circumstellar disk. Although the
overall H30α centroid map clearly constrains the kinematic fea-
tures of the outflow (Martı´n-Pintado et al. 2011), it leaves open
some uncertainties due to the high number of input parameters
required for the modelling. However, the RRL profiles lead to
strong constraints on their values.
In particular, the H30α RRL profile shows two different
spectral features (see Fig. 8), a narrow double-peak maser emis-
sion at radial velocities of ∼ -16 and 32 km s−1 arising from
the ionized Keplerian disk, and two broader features at slightly
larger radial velocities, ∼ −45 and ∼ 71 km s−1, showing a clear
asymmetry (hereafter wing humps). Although the two compo-
nents could be confused, the model shows that while the fea-
tures of the narrow maser spikes depend on the kinematics of the
Keplerian layer, the wing humps depend on the characteristics of
the outflow. As described in Sect. 4.2.1, these two maser compo-
nents arising from two different regions with different kinemat-
ics were used to constrain some of the input parameters of the
model.
Figure 8 shows that while the computed profile obtained by
using the set of bn coefficients provided by Walmsley (1990)
reproduces the main features of the observational profile, it
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Fig. 6: Model prediction for the relative centroid positions of the
H30α emission (solid and dashed thick lines for the cases with
rotating and non-rotating outflow) in the velocity range between
-64 km s−1 and 58 km s−1 superimposed on the observed data
as blue and red thin lines for MWC349A. The positions of the
line velocity channels are shown as crosses labeled by their LSR
velocities. The blueshifted and redshifted maser spikes (-16 and
32 km s−1, respectively) peak at the blue and red circles. The
associated errors are shown by horizontal and vertical bars. The
offsets are in milliarcseconds (mas) relative to the continuum
centroid (αJ2000 = 20h32m45s.54, δJ2000 = 40◦39′36.8′′).
clearly fails to predict its intensity. Neither set of parameters
(with an electron temperature larger than 4000 K) can explain
the intensities of the observed spikes. On the contrary, the
Storey & Hummer (1995) departure coefficients with the input
parameters given in Table 1 are able to reproduce much bet-
ter both the features of the profile and its peak intensity. Thus
we have assumed the Storey & Hummer (1995) departure coeffi-
cients in the model in order to significantly improve the fit of the
maser spike intensities. Unlike the profile, the modelled H30α
centroid map remains similar for both set of coefficients.
We note that the observational profile of both the H30α and
the rest of double-peaked lines (see Sect. 5) show significant
differences between the intensities of the blue- and red-shifted
peaks, while our model predicts roughly the same intensities for
both spikes. However, as we can see in Fig. 8, the maser peak
intensities are strongly dependent on the set of departure coef-
ficients assumed by MORELI. On the other hand, since most
of the emission of the maser spikes comes from very small re-
gions (see Fig. 7) and it is strongly dependent on optical depth,
clumps with slightly different electron temperatures or electron
densities would produce significant changes in the peak intensi-
ties. Thus, differences in the electron temperature and electron
density of clumps located in the blue- and red-shifted regions of
MWC349A, together with the uncertainties in the departure co-
efficient values (see Sects. 2.1.3 and Fig. 2), could explain the
observed asymmetries between the two maser peaks. Likewise,
the presence of different clumps with slightly different physical
conditions over time would also explain the rapid time variations
Fig. 7: Predicted intensity line emission (∆vr = 1 km s−1) of the
H30α at radial velocities of 32 (top left), -16 (top right), 63 (bot-
tom left), and -45 km s−1 (bottom right). Contour levels are 0.5,
1.5, 2.5, 4.0, 6.0, 8.0, 20.0 and 80.0 mJy. The contour level of
80.0 mJy (corresponding to an optical depth of -3.6) of the upper
panels (red contour levels) contain ∼ 80% of the total emission,
while the contour level of 4.0 mJy (corresponding to an optical
depth of -0.8) of the bottom panels (red contour levels) contain
∼ 50 and 70 % of the total emission (left and right, respectively).
It shows that at the radial velocities of the spikes (upper pan-
els), the emission mainly originates at points located close to the
projection of the ionized disk (whose edges are represented as
straight lines for θi = 0) into the source’s plane of symmetry
perpendicular to the line-of-sight.
of maser RRLs (Martı´n-Pintado et al. 1989b). This variability is
seen in time scales as short as 30 days (Thum et al. 1992).
To explain the H30α maser peak-to-peak separation (see
Table 4), we have considered a central mass for MWC349A
of 38 M, unlike the ∼ 60 M obtained if we use the
Walmsley (1990) bn coefficients (Martı´n-Pintado et al. 2011).
As thoroughly discussed by Kraus (2009), the location of
MWC349A in the HR diagram is subjected to a high uncer-
tainty, particularly because of poor determination of its lu-
minosity (logTeff =4.37±0.07, log (L/L) =5.7±1.0). This
makes its location in the HR diagram consistent with the evo-
lutionary tracks of a wide range of central masses of rotat-
ing and non-rotating massive stars (Schaller et al. 1992 and
Meynet et al. 1994). Nevertheless, if we take into account just
the estimated central values of the effective temperature and lu-
minosity (log Teff =4.37, log LL =5.7), we derive a mass for the
star of ∼ 38 M. This value is consistent with our results. These
results seem to suggest again that the Storey & Hummer depar-
ture coefficients provide a better description of the stimulated
amplification of the radiation in MWC349A.
For a 38 M central mass, the best fit for both the H30α cen-
troid map (Fig. 6) and the RRL profiles was obtained by consid-
ering the following input parameter values: i) outflow terminal
and turbulent velocities of ∼60 and 15 km s−1, respectively; ii)
Keplerian rotation velocity component for the the outflow (see
Fig. 6) in the same sense as the ionized disk; iii) a Keplerian ro-
tating ionized disk layer with an opening angle of 6.5◦ located
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Fig. 8: Observed (histogram) and modelled profiles (lines) of the
H30α. The red dashed line is the best profile obtained by using
the Walmsley departure coefficients (with the input parameter
values as given in Martı´n-Pintado et al. 2011), while the solid
red line is the modelled profile obtained with the set of input pa-
rameters shown in Table 1 and by using the Storey & Hummer bn
coefficients. The derived amplification assuming the Walmsley
coefficients is lower because of their lower negative βmn values
(see Fig. 2). The arrow indicates the wing hump at the blue-
shifted velocities.
next to the neutral disk and extended from 0.05 AU to 130 AU;
iv) an electron temperature of 9450 K for the ionized Keplerian
disk; and v) inclination angle of the disk axis with respect to the
plane of the sky of 8◦, where the front-side is tipped up. Next,
we discuss how changes in the value of these parameters affect
the fitting of the observational data.
4.2.1. Dependence of the modelled H30α centroid map and
RRL profiles on the input parameters
4.2.1.1. Inclination angle, θi
The inclination angle of the disk axis is the key parameter
that makes the emission asymmetric with respect to the east-
west plane. Therefore, it is responsible for the north-south
loops of the H30α centroid map shown in Fig. 6. The larger the
inclination angle, the larger the asymmetry, with larger heights
for the loop peaks at high radial velocities (∼ 50 km s−1), which
correspond to the emission of the outflow. Thus, the inclination
angle is clearly constrained between 4.5◦ and 15◦, with the front
side of the disk tipped up with respect to the line of sight. Thus,
we explain that the red-shifted and blue-shifted loops (see Fig.
6) occur south and north of the disk respectively.
4.2.1.2. Terminal velocity, v0
The model also shows that the radial velocity range where
the maser emission of the outflow is produced depends on its
terminal velocity. Thus, we can rule out terminal velocities
larger than 100 km s−1 since then the peaks of the wing humps
would be located at larger radial velocities, clearly distinguished
as high-velocity shoulders (see Fig. 9a). In contrast, a too low
terminal velocity would imply that the wing hump emission
would appear at nearly the same radial velocities as the maser
spikes and, therefore, we would not be able to distinguish the
contribution of the two different kinematic components (ionized
disk and outflow). Thus, we conclude that the terminal velocity
must be comprised between 40 and 100 km s−1. This is also
supported by the way in which the predicted H30α centroid map
changes with this velocity. However, the fit to the linewidths of
the H41α and H76α RRLs (cf. Sect. 5.1) provided the strongest
constraint on the outflow terminal velocity. Thus, finally we
considered a value of 60 km s−1.
4.2.1.3. Turbulent velocity, vtu
Turbulent motions in the ionized wind are needed in order
to explain the lack of a double-peaked profile observed for the
H66α line profile (see Sect. 5). We note that the two observed
peaks would be due to stimulated emission from the ionized
outflow and not from the disk, opposite to that found in mm
RRLs. Thus, we need to consider a turbulent velocity. We
conclude that the best choice for the turbulent velocity to
explain the line profiles and the centroid map is vtu ∼15 km s−1,
which is comparable to the sound speed for 12000 K. Larger
turbulent velocities would increase the predicted linewidths.
4.2.1.4. Opening angle of the Keplerian ionized layer, θd
Given a semi-opening angle for the ionized wind (θa ∼57◦
as constrained from radio-continuum maps, Sect. 4.2), the con-
tribution of the emission arising within the ionized Keplerian
ionized disk is determined by the opening angle of this disk,
θd = θa − θw (see Sect. 3.2). The larger the opening angle of the
disk, the lower the flux arising from the outflow and, therefore,
the weaker the wing hump intensities. Thus, too low opening
angles for the disk would significantly increase the wing hump
intensities compared to observed levels. In addition, in this
case the asymmetry between the red- and blue-shifted wing
humps would also increase. We conclude that our model is very
dependent on θd for angles smaller than 6◦. In particular, we rule
out that θd could be smaller than 4.5◦ (see Fig. 9b). Likewise, if
one considers a larger angle (i.e. 15◦), the wing hump intensities
would decrease and the maser peak intensities would increase
above the observed values (see Fig. 9b). Taking into account the
aforementioned considerations, we conclude that the opening
angle of the Keplerian ionized layer must be between 4.5◦ and
15◦.
4.2.1.5. Electron temperatures
Regarding the electron temperature of the ionized outflow
and of the ionized Keplerian disk, our model shows that the cen-
troid map is less sensitive to changes in the electron temperature
than the line profiles. We consider an electron temperature of
12000 K for the outflow to adequately fit the radio-continuum
data (Sect. 2) and the intensities of the wing humps. If we
considered lower values, the maser effect would increase and,
consequently, also the wing hump intensities as shown in Fig.
9c.
On the other hand, we have considered a different electron
temperature for the Keplerian ionized disk, Td, from that of the
ionized outflow to increase the intensity of the maser spikes.
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Fig. 9: Observational (black histogram) and predicted H30α profiles varying different input parameters:
(a) predicted H30α profiles for terminal velocities of the ionized wind of 40, 60, 80, and 100 km s−1 (red, blue, green, and cyan). It
is clearly shown that the wing humps are shifted to larger radial-velocities with increasing terminal velocities.
(b) predicted H30α profiles for opening angles for the Keplerian ionized layer, θd, of 4.5◦ and 15◦ (blue and red lines)
(c) predicted H30α profiles for electron temperatures for the ionized outflow, To, of 10000 and 12000 K (red and blue lines).
(d) predicted H30α profiles for electron temperatures for the Keplerian ionized layer, Td, of 8500 and 12000 K (red and blue lines).
Since the maser intensities depend strongly on the temperature
(as shown in Fig. 9d), we constrain the electron temperature in
the Keplerian ionized disk between 8500 and 11000 K. We adopt
Td = 9450 K as the final value for the Keplerian ionized layer.
4.2.1.6. Size of the disk, rd
In the equatorial region located beyond the circumstellar
disk, the observed radio-continuum emission at cm wavelengths
(Tafoya et al. 2004) must be due to the ionization of the gas
by the dust-scattered ionizing radiation. This is because we
observe emission in the equatorial region for radii larger than
that of the beam for the 2, 3.6, 6, and 20 cm radio-continuum
images (White & Becker 1985, Rodrı´guez & Bastian 1994,
Cohen et al. 1985, and Tafoya et al. 2004). From the beam
sizes and the constrained semi-opening angle for the ionized
gas, θa, we derive an upper limit to the radius of ∼ 130 AU.
This upper limit is consistent with the derived size of 75 AU
from the 3.8 µm image (Danchi et al. 2001). On the other
hand, since the Keplerian rotating ionized disk is formed by
the photoevaporation of the neutral disk, we assume that it
reaches at least the same radius as the neutral disk. Thus, we
have assumed a radius for the Keplerian ionized disk of 130
AU. We have to stress that the results of the model are only very
sensitive to the disk size for a radius smaller than 60 AU (50
mas) since the bulk of the mm-wavelengths RRL emission (for
which the maser emission is mainly produced in the ionized
disk) comes from a region within this radius (i.e. as happens in
the H30α line seen in Fig. 7).
4.3. Fit to the line-integrated intensities
Using the structure and physical properties derived in previous
sections, we carry out the modelling of the integrated intensity of
RRLs to study the frequency range where the maser emission is
taking place. For that purpose, we predict the Hnα integrated line
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Fig. 10: Integrated line intensities for the whole range of quan-
tum numbers n of the observed Hnα RRLs. Open squares re-
fer to the observational data, while the lines show the LTE
(blue line) and non-LTE prediction of our model (dashed and
solid red lines for the cases of the Walmsley and the Storey
& Hummer bn coefficients respectively). With green dashed
lines we show the limits among the different wavelength ranges.
References for the observational data: H4α to H15α Thum et
al. (1998); H21α Thum et al. (1994b); H26α and H30α Thum
et al. (1994a); H30α Martı´n-Pintado et al. (1989a); H35α and
H38α Martı´n-Pintado et al. (1994); H41α Martı´n-Pintado et al.
(1989a); H66α Loinard & Rodrı´guez (2010); H66α Martı´n-
Pintado et al. (1993); H76α Escalante et al. (1989).
intensities both for the non-LTE and LTE cases for the quantum
numbers from n=4 to n=80 as shown in Fig. 10. For the non-LTE
case, we show the predictions using both the Walmsley (1990)
and the Storey & Hummer (1995) departure coefficients.
Firstly, we see that the two integrated line flux predictions
obtained under the non-LTE assumption for the two sets of de-
parture coefficients converge for Hnα lines at low frequencies
(with n&41). The non-LTE predictions agree extremely well with
the observations and show a constant offset with respect to the
LTE prediction. This is a clear sign that RRL emission is stim-
ulated at low-frequencies as claimed by Martı´n-Pintado et al.
(1993) and as supported by the analysis of RRLs profiles de-
scribed in Sect. 5.
For RRLs with quantum numbers smaller than 41, we can
see that the predicted integrated intensities for the non-LTE case
become much larger than the LTE prediction, especially for
RRLs with n < 30. This is what one expects since the lower
the electronic level, n, the larger the importance of the mecha-
nisms causing the electron population inversion, as in agreement
with the departure coefficients (Strelnitski et al. 1996b). Only
the non-LTE case is able to explain the large increase of the ob-
served integrated line intensities. The large dependence of the in-
tegrated line intensity on the quantum numbers for 21 ≤ n ≤ 41
is proof that the dominant process of amplification of the emis-
sion at such RRLs is maser.
Likewise, it is remarkable that the predictions obtained with
the Storey & Hummer (1995) coefficients are different from
those derived using the Walmsley (1990) coefficients. This al-
lows us to discriminate which set of departure coefficients is the
best to describe the maser amplification under the physical con-
ditions of MWC349A. For RRLs with n ≥ 30, we clearly see that
the Storey & Hummer (1995) departure coefficients are more
Table 2: Magnitude values in the pixels with maximum degree
of saturation.
Line Rsat [AU] a Ne [cm−3] Tsat [K] b TB [K] Jν,sat/Jν b
H30α 66 2.8x107 6.5x105 4.6x106 7
H26α 49 5.3x107 2.1x105 4.0x108 1.9x103
H21α 23 28x107 2.5x105 4x1020 1x1015
a Radius of the pixel where Jν,sat/Jν is maximum.
b Estimated by assuming 4pi/Ωm = 60
appropiate since their integrated line intensities agree extremely
well with the published data for 30 ≤ n < 41.
Thus, we conclude that the maser emission at such frequen-
cies is consistent with the physical conditions and the kinematics
that we have deduced based on the radio-continuum and RRLs
profiles. This supports the proposed kinematic model and the
estimated physical parameters. Nevertheless, the integrated line
intensity predictions increase very strongly with the frequency
compared to that observed for n < 30, as one expects from an
exponential increase of the brightness temperature with the op-
tical depth (Sect. 2.3). It indicates that saturation effects in the
masers play an important role for n < 30. Assuming an equiva-
lent maser beam solid angle, 4pi/Ωm, of 60 (Thum et al. 1994a),
we have checked that the degree of saturation, Jν,sat/Jν, strongly
increases from the H30α to the H26α, and especially for the
H21α. Table 2 displays the radius, electron density, temperature
of saturation, brightness temperature and degree of saturation
derived from MORELI in those pixels where the upper limit for
the degree of saturation is maximum. We clearly see that the
degree of saturation for the H26α and, above all, for the H21α
are large enough to significantly contribute to the decrease of
the maser amplification of the radiation in at least some of the
pixels.
Finally, the model shows that the non-LTE effects dominate
the emission of RRLs down to n = 7, while RRLs with smaller
quantum numbers seems to be formed under LTE conditions as
discussed by Thum et al. (1998).
5. Analysis for RRL profiles toward MWC349A
In the following we will use the inferred kinematic properties of
the ionized wind and disk for MWC349A to show that the pre-
dicted results of our model are also consistent with the observa-
tion of RRLs other than H30α. First of all, we will focus in the
RRLs with quantum numbers n > 30. Since these RRLs trace
outer regions characterized by gas with smaller electron den-
sity than those traced by the H30α RRL, their maser emission is
expected to be weaker (Martı´n-Pintado et al. 1989a). Thus, the
modelling of their profiles is less sensitive to the set of depar-
ture coefficients considered and to small variations of the input
parameters. Furthermore we will also study the profiles of RRLs
with n < 30, which trace the kinematics of the innermost regions
of the disk.
The predicted profiles should explain the change from the
double-peaked profile observed for the H35α (as for the H30α)
into an apparently simple component for the H41α and also the
large change in the peak intensities of these RRLs. This be-
haviour and the linewidths are perfectly predicted by the model
as shown in Fig. 11 and in Tables 3 and 4. The observed change
in the RRL profiles is expected since RRLs at lower frequencies
have larger continuum optical depths (see Eq. 3) and trace outer
regions where the electron density in the Keplerian ionized layer
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Fig. 11: Observed (histogram, unpublished data from C. Thum)
and predicted (solid line) RRL profiles for the H35α and H41α
shown in blue and red, respectively.
Table 3: Comparison between the observed and predicted peak
intensities for single-peaked Hnα RRLs toward MWC349A.
Line ν [GHz] S peak,obs
[
mJy
]
S peak,pred
[
mJy
]
H76α 14.69 11.7a 9.6
H66α 22.36 24.9±0.3b 16.3
H41α 92.03 380±40c 370
H40α 99.02 610d 530
a Escalante et al. (1989).
b Loinard & Rodrı´guez (2010).
c Martı´n-Pintado et al. (1989a).
d Thum et al. (1995).
is lower than the optimum values for maser amplification (i.e.
6.3×106 cm3 for H40α and 1.4×107 cm3 for H35α; Table 1 in
Strelnitski et al. 1996b). For this reason, the H41α emission is
mainly dominated by the outflow with little contribution from
the disk and, therefore, its profile shows just a single peak.
We stress that under LTE conditions, we clearly underesti-
mate the peak intensities for all RRLs by factors of two for the
H76α and H66α lines, and by larger factors for the rest of the
RRLs for which the stimulated emission is stronger. Thus, we
rule out the possibility that even apparently single-peaked pro-
files like that of the H41α line could be formed in LTE.
5.1. Low-frequency radio recombination lines. The outflow
Quantitatively, we see that the predicted peak intensities under
non-LTE conditions for apparently single-peaked RRL profiles
agree very well with those reported in the literature (see Table 3),
with the exception of the only spatially-resolved cm-wavelength
RRL to date, the H66α. We predict its zero-intensity linewidth
(∆v∼100 km s−1), although we clearly underestimate the peak
intensity reported by Loinard & Rodrı´guez (2010) even for non-
LTE emission (i.e. peak intensity of 9.0 mJy for the LTE case
Fig. 12: Observed (black histogram, Escalante et al. 1989) and
predicted H76α profile in the non-LTE (blue lines) and LTE case
(red line). For the non-LTE case, we have plotted the predicted
profiles for two different outflow terminal velocities, 60 and 80
km s−1 (solid and dashed lines, respectively). We clearly see that
the line width is only explained if one assumes 60 km s−1.
versus the 16.3 mJy predicted in the non-LTE case, and the 24.9
mJy observed by Loinard & Rodrı´guez 2010). Thus, we con-
clude that even at this low frequency, the stimulated amplifica-
tion of the radiation is still significant as was also claimed by
Martı´n-Pintado et al. (1993). This is also supported by the avail-
able RRL profile with the lowest frequency, the H76α line. Its
asymmetric profile is a clear indication that stimulated emission
plays a key role for this RRL (Escalante et al. 1989). In this case,
our non-LTE prediction matches quite well with the reported
RRL profile, while the LTE prediction greatly underestimates
its peak intensity and it is not able to explain the asymmetry in
the profile (see Fig. 12). The larger intensity of the blue-shifted
peak is due to the existence of a larger background continuum
emission to be amplified by the foreground ionized material ap-
proaching us. Thus, we conclude that even at 2 cm, the consid-
eration of non-thermal emission is essential to explain the obser-
vations.
5.2. High-frequency radio-recombination lines. The inner
disk: a distorted Keplerian-rotation
For RRLs with quantum numbers n ≥ 30, our model accurately
predicts both the peak intensities (see Table 4) and the maser
peak-to-peak velocity separations, (vred − vblue)obs, which does
not depend so strongly on the physical conditions but on the
kinematics of the region traced by the RRLs. Table 4 shows that
the predicted change of (vred − vblue) from H30α to H39α is con-
sistent with the observations when one assumes the Storey &
Hummer departure coefficients. Since the maser peaks mainly
trace the Keplerian-rotating ionized disk, we conclude that the
derived central mass for the source is consistent with the re-
ported (vred − vblue)obs.
The kinematics of the innermost region of the ionized cir-
cumstellar disk can only be studied by using the RRLs at higher
frequencies since the continuum becomes optically thinner with
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Table 4: Comparison between the observed and predicted peak intensities and velocity peak-to-peak separations for Hnα RRLs
toward MWC349A assuming a central mass of 38 M.
Line ν S blue peak,obs S red peak,obs S peak,pred (vred − vblue)obs (vred − vblue)pred
[GHz] [Jy] [Jy] [Jy] [km s−1] [km s−1]
H39α 106.74 0.75a 0.7a 0.7 ∼34b 30.5±0.1
H36α 135.29 1.1c 1.5c 1.2 36.5±0.4a 35.8±0.5
H35α 147.05 1.18±0.07a 2.48±0.07a 1.5 38.5±0.5b 36.4±0.5
H30α 231.90 24.4c 38.9c 19.1 51.0±0.1a 51.0±0.1
H27α 316.42 25.6±0.6a 34.4±0.4a 137 52.5±0.1a 54.4±0.1
H26α 353.62 39.7±0.4a 60.0±0.6a 873 51.8±0.1a 58.2±0.1
H21α 662.40 309±11c 261±11c ∼ 1014 50.1±0.4c 90.0±0.4
a Thum et al. (1995).
b Martı´n-Pintado et al. (1994).
c Thum et al. (1994b).
increasing frequency, tracing the innermost parts. At present
there are velocity-resolved observations for three transitions
with frequencies higher than that of the H30α. These are the
H27α, H26α, and H21α. Table 4 shows the predicted peak in-
tensity for the three maser lines are clearly overestimated in the
unsaturated case, especially for the H21α which is roughly 1014
times more intense than that observed (Thum et al. 1994b). Thus,
as discussed, saturation effects could prevent the maser intensity
from increasing with an exponential dependence.
Table 4 shows that our modelling is not able to explain the
observed maser peak-to-peak velocity separations, (vred − vblue).
The predicted peak-to-peak velocity separation increases with
the frequency of the RRL, as expected from the assumption that
the disk follows a Keplerian rotation, while observations show
that it remains approximately constant from the H30α to the
H21α line.
This fact could be explained if the submm RRL maser emis-
sion occured in the same regions as for the H30α. This would be
the case if there was a lack of ionized material inside the region
where the bulk of the H30α emission arises or an inner rarefi-
cation of the disk as claimed by Kraus et al. 2000. Nevertheless,
in such a case, it would not be possible to explain the radio-
continuum spectral index of 0.62 up to the frequency of the
H21α line. On the other hand, saturation effects of interaction
between masing transitions could explain that the maser lines are
produced in the same region (Strelnitski et al. 1996b). Hengel
& Kegel (2000) studied the effects of the radiation field on the
electronic level population by using a radiative transfer model
for a spherically symmetric source. They derived the ranges of
electron density and quantum numbers where maser emission
arises. While the optimum electron density values for unsatu-
rated maser amplification are very sensitive to the quantum num-
bers of the RRLs (Fig. 6 in Strelnitski et al. 1996b), the satura-
tion of the maser lines counteract this behaviour such that the op-
timum electron density of the bulk of maser lines are contained
in a small range of electron densities and quantum numbers (Fig.
4 in Hengel & Kegel 2000). Thus, saturated maser lines would
arise from regions with similar electron densities, i.e. from re-
gions of similar radial distance and thus similar radial velocities.
In such a case, the peak-to-peak velocity separation for saturated
lines would not increase with the RRL frequency but would re-
main constant as observed for n < 30. This provides good evi-
dence that RRLs with n < 30 are saturated and, therefore, our
model is not able to reproduce these lines.
A third possibility to explain the constant peak-to-peak ve-
locity separation from the H30α to submm RRLs results from
the inner regions of the disk not following the Keplerian rotation
of the outer parts. The kinematic discontinuity could likely be
because of disturbances in the kinematics of the ionized circum-
stellar disk in the region where the outflow is launched.
5.3. Fit of the Hnβ radio-recombination lines
Finally, we have used the Hnβ transitions to further constrain
the physical parameters derived from our modelling. The pre-
dicted Hnβ line intensities for LTE and non-LTE assumptions
are shown in Table 5. The physical structure and the departure
coefficients assumed by MORELI predict a significant amplifi-
cation for Hnβ lines, but much weaker than for the Hnα lines due
to their lower |βmn|. However, contrary to what was found in the
Hnα transitions, the Hnβ transitions can be best explained by as-
suming LTE emission. The difference between the observed and
predicted LTE intensities are within ∼4 times the rms noise of
the data. The good fit obtained for the observed Hnβ transitions
could represent another proof that supports the quantitative pa-
rameter values obtained by our modelling, but only if the Hnβ
lines are not amplified.
However, the amplification predicted by our model for the
Hnβ lines is unclear. A possible explanation could be related to
the fact that RRLs sample the physical conditions where the con-
tinuum emission is optically thin. Thus, pairs of Hnα and Hn′β
transitions with similar frequencies arise from regions with sim-
ilar electron densities. For a certain electron density, the bn co-
efficients might represent roughly the electronic population for a
range of quantum numbers (Hnα lines), but not for higher quan-
tum numbers (Hn′β lines) for which the electronic levels are
closer to thermalization. As an example, we can consider the
H30α and H38β pair at similar frequencies mainly sample re-
gions with electron densities of ∼ 107 cm−3. However, we can
see in Fig. 13 that the βmn coefficients for H30α and H38β sig-
nificantly differ. In particular, the βmn coefficients for H38β are
close to zero while for H30α we find βmn = −4. As we can also
see in Fig. 2, the numerical error in the estimation of the βmn co-
efficients increases when βmn gets close to thermalization. If the
electronic levels actually thermalize faster when there is high
electron density than when the model predictions are consid-
ered, then the βmn coefficients for the Hnβ lines would be closer
to zero than our model assumes and the amplification would be
negligible. In this case the H38β line would appear to be emitted
under LTE conditions as observed. Thus, the uncertainty for the
βmn when the electronic population approaches thermalization
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Fig. 13: Estimated βmn coefficients for an ionized gas with elec-
tron temperature of 104 K for electron densities between 102 and
1012 cm−3. The solid and dashed lines show the βmn values de-
rived by Storey & Hummer (1995) for H30α and H38β transi-
tions, respectively. We note that the H38β lines thermalize at
electron densities lower than for H30α lines.
might explain why the Hnβ are not amplified as expected from
our model.
6. Conclusions
This paper describes the MORELI 3D radiative trans-
fer model to predict RRL emission under LTE and
non-LTE conditions in a variety of geometries, physi-
cal structures, and kinematics. Previous versions of this
model were used in order to study different UC-HII re-
gions: CRL618 (Martı´n-Pintado et al. 1988), MWC349A
(Martı´n-Pintado et al. 1989a, Martı´n-Pintado et al. 2011),
Cepheus A HW2 (Jime´nez-Serra et al. 2011), and MonR2-IRS2
(Jime´nez-Serra et al. 2013). In this paper, we used MORELI to
explain the continuum and RRL data observed in MWC349A
in a coherent way. This is the first complete modelling of
MWC349A, which not only constrains the model parameters
from a subset of RRL data but also for the whole set of observed
RRL. Thus, our new results for the geometry, struture, and
kinematics of MWC349A provide the best description of the
characteristics of the ionized wind and outflow in this source,
and of the central mass of the source.
Mainly on the basis of the explanation of the complex be-
haviour of the H30α centroid map and its RRL profile, we
have strongly constrained the geometry, disk inclination, physi-
cal conditions and kinematics of MWC349A. These results were
also derived with a systematic study of the whole set of radio-
continuum and RRL observations. We found that the set of
departure coefficients bn provided by Storey & Hummer (1995)
describes much better the intensities of mm and submm masers
than those given by Walmsley (1990) for the physical structure
and geometry derived for MWC349A. With these coefficients
we are able to explain for the first time intensities of the maser
spikes as well as the peak-to-peak separation between the spikes
of mm RRLs.
Thus, our modelling is supported by the fact that they explain
the bulk of the different observational data available (SED, radio-
continuum emission maps, RRL profiles and velocity-integrated
line intensities for RRLs) at very different wavelengths (from
mm to cm wavelengths). In addition, our model provides a gen-
eral view of the dominant processes involved in the amplification
of RRLs for the different frequency ranges. While maser amplifi-
cation seems to dominate for Hnα RRLs with n< 41, stimulated
amplification is still important even up to frequencies as low as
that of the H76α, 15 GHz. However, our model does not repro-
duce the peak intensities, peak-to-peak velocity separation, and
velocity-integrated line intensities for submm and infrared RRLs
with n< 30. Thus, one of the open issues to be addressed in the
future is taking into account the saturation effects. High spatial
resolution and velocity-resolved studies by using high-frequency
RRLs (with n < 30) are also required to establish the kinematics
of inner regions.
The main difficulty found for our non-LTE modelling is to
predict the observed peak intensities for the Hnβ line. While we
expected the Hnβ lines to be out of LTE and with significant am-
plification, their observational peak intensities agree very well
with the predictions for LTE emission. High spatial resolution
observations of Hnβ should be perfomed in order to explain this
puzzling behaviour. However, precise calculations of the bn coef-
ficients for the geometry and physical conditions in MWC349A
might explain these discrepancies.
In summary, we have used MORELI to better constrain the
characteristics of both ionized components on MWC349A, disk
and outflow, as proved by the large amount of observational data
explained by our modelling. Further progress depends on obser-
vations which combine high angular and high velocity resolu-
tion, like those possible with ALMA.
Appendix A: Gaunt factors
In this appendix we show the equations used by MORELI to esti-
mate the Gaunt factors. In the literature we find different approx-
imations for the free-free Gaunt factor for different frequency
and temperature regimes. MORELI uses the analytic approxima-
tion given by Gronenschild & Mewe (1978), which reproduces
the computational results of Karzas & Latter (1961) with an ac-
curacy of 10 % in the frequency and electron temperature ranges
where 10−2 < hν/ (kTe) < 103:
gff,ν =
√ √3
pi
exK0(x)
2 + (a − b · log ( hνkTe
))2
(A.1)
γ2 = Z2
hν0
kTe
x =
1
2
hν
kTe
(
1 +
√
10γ2
)
a = 1.20 exp
− ( log γ2 − 13.7
)2
b = 0.37 exp
− ( log γ2 + 12
)2,
where Ko is the modified Bessel function of the second kind,
Z the effective charge of the ionized gas, and ν0 the hydro-
gen ionization frequency. This approximation is equivalent to
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Table 5: Comparison between the observed and predicted peak intensities for Hnβ RRLs toward MWC349A.
Line ν S peak,obsa S peak,LTE pred ∆S peakb S peak,non−LTE pred
[GHz]
[
mJy
] [
mJy
] [
mJy
] [
mJy
]
H48β 111.89 68±10 52 1.5σ 96.7
H38β 222.01 171±10 211 4.3σ 433
H33β 335.21 330±50 456 2.6σ 981
H32β 366.65 ∼460±40 535 2.0σ 1186
a Thum et al. (1995).
b ∆S peak,LTE pred ≡ S peak,obs − S peak,pred. Their values are shown in units of the rms noise of the spectra, σ.
that of Leitherer & Robert (1991) in the Rayleigh-Jeans regime
(hν  kTe) provided that the frequency exceeds the plasma res-
onance frequency, ν  νp (where νp = Nee2/ (pime)1/2). Thus,
the Gronenschild & Mewe expression can be used in a broader
range of frequencies than the previous one.
In the absence of dust, free-free continuum emission is the
dominant process for wavelengths λ & 10 µm, while at NIR
and optical wavelengths for which gbf,ν ' 1, the bound-free
processes become significant. This is shown in Fig. A.1, where
we plot the relative contribution of the bound-free and free-free
Gaunt factors. The bound-free Gaunt factor is calculated by us-
ing the expression given by Brussaard & Van de Hulst (1962)
gbf,ν = 2Θ
∞∑
n=m
gn(ν)
eΘ/n
2
n3
(A.2)
Θ =
hν0
kTe
m = int
(√
ν0
ν
)
+ 1,
where gn(ν) is approximated to 1 for all the frequencies. This
approximation yields results with an accuracy of ∼ 10-20%.
Appendix B: Radio-recombination line profiles
The RRL profiles of UC-HII regions are due to the combination
of different broadening mechanisms whose convolution gives the
observed profile. In Sect. 3.2 we have shown the large-scale mo-
tions that give as a result the broadening of the profile. However,
even in every cell of the model (Sect. 2), there is a profile broad-
ening caused by the microscopic motions of the ionized gas,
such as turbulent and thermal motions.
Regarding the thermal motions, one can consider the approx-
imation that the ionized gas is well described by the Maxwell ve-
locity distribution. It subsequently produces a Gaussian profile
because of the Doppler shifting. Likewise, the turbulent motions
can be also described by a Gaussian distribution governed by
a parameter known as turbulent velocity, vtu. Thus, the velocity
half-width at half-maximum height, ∆vg, of the Gaussian profile
due to both contributions can be estimated using the expression
(Mezger & Hoglund 1967)
∆vg = 2
√
ln (2)
√
2kTe
me
+
2
3
v2tu. (B.1)
Additionally, there is a contribution due to the broadening of
the electronic levels in regions with high electron density. This
is known as pressure broadening and it produces a Lorentzian
profile. This broadening can be specified by the half-width at
Fig. A.1: Gaunt factor values for free-free and bound-free tran-
sitions and total Gaunt factor (gff , gfb and gff + gfb respectively)
for frequencies between 10 and 4 × 106 GHz. We assumed a
temperature of 10000 K.
Table B.1: Analytic approximations of the pressure broadening
for different ranges of electronic levels.
Range of electronic levels Pressure broadening, ∆νl
n > 100 1.9 × 10−8n4.4Ne/
(
Z2T 0.1e
)
a
30 < n < 100 6.7 × 10−9n4.6Ne/
(
Z2T 0.1e
)
b
n < 30 8.0 × 10−10n5Ne/
(
Z2T 0.1e
)
c
a Brocklehurst & Seaton (1972).
b Walmsley (1990).
c Strelnitski et al. (1996b).
half-maximum height, ∆vl, which has been computed numeri-
cally using analytic expressions that approximate the results de-
rived from classical and semi-classical theory (Gee et al. 1976)
for the different quantum number ranges of the RRLs (see Table
B.1).
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The convolution of the aforementioned Gaussian and
Lorentzian distributions results in a Voigt profile, which can be
expressed as a function of ∆νl and ∆νg (where ∆νg = νc∆vg) by
Φν
(
∆νl,∆νg
)
=
1√
pi∆νg
∫ ∞
−∞
∆νl/pi
∆ν2l + (ν − ν′)2
e−(ν
′/∆νg)2dν′. (B.2)
This integral is numerically computed in MORELI following
the formulation of Kielkopf (1973) to describe the RRL emis-
sion in every cell of the source. Besides the intrinsic line profile,
the projection of the large-scale motions (modelled in Sect. 3.2)
along the line-of-sight gives rise to a dynamical broadening of
the different RRL profiles.
Appendix C: Effective radius for an optically thin
wind
The total free-free continuum flux for a spherical outflow in the
circular region in the plane of the sky of radius Reff is given by
Fν = 2pir2min
∫ Reff
0
Bν(Te)
(
1 − e−τν(ρ)
)
ρ dρ (C.1)
= 2pir2min
 ∫ 1
0
Bν(Te)
(
1 − e−τν(ρ)
)
ρ dρ
+
∫ Reff
1
Bν(Te)
(
1 − e−τν(ρ)
)
ρ dρ
]
,
where ρ and Reff are in units of the radius of the central hole
without ionized gas, rmin, with ρ =
√
x2 + y2 and Reff > 1.
The optical depth along the line-of-sight located at a radius
ρ from the center of the source, τν (ρ), for the spherical wind
isotropically expanding at constant velocity, is given by
τν (ρ) =
pi
2ρ3
rmin κν(r = 1) if ρ > rmin (C.2)
τν (ρ) =
1
ρ3
rmin
[
pi
2
− ρ
√
1 − ρ2
− arctan
 √1 − ρ2ρ
]κν(r = 1) if ρ < rmin
By using the optical depths given above, the integration of
Eq. C.2 in a circumference of radius Reff for the optically thin
case, 1 − e−τν(ρ) ≈ τν (ρ), results as
Fν = pir3minB (ν) κν(r = 1)
[
pi
(
1 − 1
Reff
)
(C.3)
+
∫ 1
0
1
ρ2
pi − 2ρ√1 − ρ2 − 2 arctan  √1 − ρ2ρ
 dρ]
= pir3minB (ν) κν(r = 1) [pi (1 − 1/Reff) + 4 − pi] .
If we define Reff as the radius containing a given percentage, p,
of the total continuum flux, it results from Eq. C.3 the following
effective radius in units of rmin:
Reff =
pi
4 (1 − p) (C.4)
Appendix D: Kinematics
D.1. Disk kinematics
In this appendix, we derive Eq. 18 (Sect. 3.2.2) describing the
velocity component along the z axis for a Keplerian rotating
ionized disk. We assume that the only disk velocity component
is the rotation around the revolution axis specified by the xd
axis. Thus, in order to describe its velocity, the cylindrical polar
system of coordinates unit vectors (eρ, eϕ, exd ) and coordinates
(ρ, ϕ, xd) is the most suitable. In this case the velocity is given
by
v = rϕ˙eϕ. (D.1)
Describing Eq. D.1 in a Cartesian coordinate system with
the same polar axis and unit vector (yd, zd, xd) 1, and assuming
a Keplerian rotation velocity, Eq. D.1 results as
v = rϕ˙eϕ =
VKepler
(yd + zd)1/4
(− sin(ϕ)eyd + cos(ϕ)ezd ), (D.2)
where VKepler =
√
GM.
Since in the general case, the disk could be tilted with re-
spect to the line-of-sight with an angle θi (see Fig. 3), we apply a
rotation of coordinates around the axis yd to lead to the Cartesian
coordinate system with unit vectors (ey, ez, ex) orientated as de-
scribed in Sect. 2. Such a coordinate transformation is given by
the equations
ezd = cos(θi)ez − sin(θi)ex,
exd = sin(θi)ez + cos(θi)ex,
eyd = ey. (D.3)
In this coordinate system, Eq. D.2 is
v = v
[
− sin(ϕ)ey + cos(ϕ) cos(θi)ez − cos(ϕ) sin(θi)ex
]
(D.4)
v =
VKepler
(y2d + z
2
d)
1
4
,
where cos(ϕ) = yd√
y2d+zd
2
, yd = y , and zd = cos(θi)z − sin(θi)x.
Thus, the velocity component along the line-of-sight (the z
axis) yields
vz = VKepler
y · cos(θi)
(y2 + z2d)
3/4
. (D.5)
For a nearly edge-on disk (θi  1), Eq. D.5 can be approxi-
mated as
vz = VKepler
y · cos(θi)
(y2 + z2)3/4
. (D.6)
1 The eφ unit vector is described in Cartesian coordinates as follows:
eφ = − sin(ϕ)exd + cos(ϕ)eyd .
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D.2. Outflow acceleration
In this appendix, we derive Eq. 19 (Sect. 3.2.2) describing the
velocity component along the z axis for an outflow expanding
radially away from the central star reaching a terminal velocity
of v0 at a radius ra. The total radial velocity of the ionized gas
at r < ra is given by vr = rra v0. Thus, its projection along the
z axis of the Cartesian coordinate system with the unit vector
(yd, zd, xd) described in D.1 is
v = vr
(
sin(θ) cos(ϕ)eyd + sin(θ) sin(ϕ)ezd + cos(θ)exd
)
(D.7)
= v0
(
y
ra
eyd +
z
ra
ezd +
x
ra
exd
)
,
where θ is the polar angle and ϕ the azimuthal angle.
Thus, we obtain the velocity projected to the z-axis
vz = v0
z
ra
. (D.8)
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